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C-simplicity of locally compact Powers groups 

Sven RaumQ 
Abstract 

In this article we initiate research on locally compact C*-simple groups. We first show 
that every C*-simple group must be totally disconnected. Then we study C*-algebras and von 
Neumann algebras associated with certain groups acting on trees. After formulating a locally 
compact analogue of Powers’ property, we prove that the reduced group C*-algebra of such 
groups is simple. This is the first simplicity result for C*-algebras of non-discrete groups and 
answers a question of de la Harpe. We also consider group von Neumann algebras of certain 
non-discrete groups acting on trees. We prove factoriality, determine their type and show non¬ 
amenability. We end the article by giving natural examples of groups satisfying the hypotheses 
of our work. 


1 Introduction 

Group C*-algebras and group von Neumann algebras enjoy a long history. Group von Neumann 
algebras of discrete groups have been used by McDuff |McD69j to provide examples of a continuum 
of pairwise non-isomorphic Ili-factors. Gonnes’ conjecture about W*-superrigidity of group von 
Neumann algebras of discrete groups with property (T) |Gon82| drew analogues with lattices in 
their ambient Lie groups. Only very recently in a breakthrough result loana-Popa-Vaes |IPVin) 
could provide the first examples of so called W*-superrigid groups at all, leaving Gonnes’ conjecture 
untouched. Group von Neumann algebras equally well found applications in topology, where L^-Betti 
numbers can be defined thanks to a continuous notion of dimension provided by the operator 
algebraic viewooint [Luc na. However, until now group von Neumann algebras associated with 
non-discrete groups drew only minor attention. 

Group G*-algebras of discrete groups have been investigated with a focus on the Baum-Gonnes 
conjecture and on simplicity results, after Kadison asked whether the reduced group G*-algebra 
C*g(j(F 2 ) is simple without non-trivial projections |Pow75] . Powers in |Pow75] showed with combi¬ 
natorial methods that G*gj(F 2 ) is simple. He used an averaging argument that formed the basis of 
most follow up results on G*-simplicity. His argument was put in an abstract context by de la Harpe 
and lead for example to simplicity results for free products, hyperbolic groups and Baumslag-Solitar 
groups |dlH07l ldlHP09| . Very recently, the astonishing work of Kalantar-Kennedy and Breuillard- 
Kalantar-Kennedy-Ozawa |BKK014j basically pushed the question of G*-simplicity to the point, 
where the only serious open problem had to be solved by group theorists. Shortly afterwards, the 
conjecture that a discrete group is G’’"-simple if and only if it has a trivial amenable radical could 
be proven wrong by Le Boudec in |LB15j . Further, in the same year Kennedy and Haagerup gave a 
characterisation of G’^'-simple groups. While Kennedy provides a group theoretic characterisation in 
terms of recurrent amenable subgroups |Kenl5] . Haagerup proves the equivalence of G’’"-simplicity 
and the Powers averaeine orooertv in [Haa m. 

^The research leading to these results has received funding from the People Programme (Marie Curie Actions) of 
the European Union’s Seventh Framework Programme (FP7/2007-2013) under REA grant agreement n°[622322]. 
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Also in representation theory gronp C*-algebras had a serions impact (see e.g. |Ros94) i. The 
probably easiest approach to classical Peter-Weyl theory stndies the gronp C*-algebra C*{K) of a 
compact gronp K . Fnrther the notion of a type I gronp stems from C*-algebras |Kap49 IGliGl] , 


Their representation theory is completely nnderstood by its irredncible representations |Dix77) . Ex¬ 
amples of type I gronps inclnde connected semisimple Lie gronps |HC65) , rednctive algebraic gronps 
over non-Archimedean fields |Ber74j and the fnll gronp of antomorphisms of a tree |FTN91| . Also 
C*-simplicity has a representation theoretic interpretation, invoking the Fell topology on nnitary 
representations |Fel60) . In fact, a gronp is C*-simple if and only if the snpport of its left regnlar 
representation is a closed point in the gronp’s nnitary dnal. 

In this article, we initiate the stndy of non-discrete C*-simpIe gronps. Onr first resnlt shows that 
every C*-simple gronp is totally disconnected, extending a resnlt of Bekka-Cowling-de la Harpe. 
[BCdlH94l Proposition 4] 


Theorem A (Theorem |6.l[ ) . 
connected. 


Let G be a locally compact C* -simple group. Then G is totally dis- 


We then provide first examples of non-discrete C*-simplicity gronps, answering a qnestion of de la 
Harpe |dlHn7| Qnestion 5]. 

Question (de la Harpe). Does there exist a non-discrete second conntable locally compact gronp 
which is C*-simple? 


We adapt the combinatorial method of Powers averaging from a discrete setting to the setting of 
general totally disconnected gronps. Then, inspired by work of de la Harpe-Preanx, we stndy the 
action of a closed snbgronp of Aut(T) on the bonndary dT of the tree, in order to obtain by geometric 
means the necessary inpnt to apply Powers averaging to gronp C*-algebras of some natnral class of 
non-discrete locally compact gronps. The main achievement of this article is hence twofold. On the 
one hand, we are able to answer de la Harpe’s qnestion, giving examples of C*-simple non-discrete 
second conntable locally compact gronps. On the other hand, we show how averaging techniqnes, 
well known for discrete gronps, can be exploited in operator algebras associated with locally compact 
totally disconnected gronps. 


The class of gronps treated in this article, has a geometric and an algebraic formnlation. We 
introdnce the following notation, where Mg{K) denotes the normaliser of a snbgronp K < G and 
Go denotes the kernel of the modnlar fnnction of a locally compact gronp. Recall that a tree is 
called thick if each of its vertices has valency at least 3. 


Notation (See Theorem 3.6). We say that a locally compact gronp G satisfies condition {*) if one 
of the following eqnivalent conditions holds. 


• There is a locally finite tree T snch that G < Ant(T) as a closed snbgronp. Fnrther, G is 
non-amenable withont any non-trivial compact normal snbgronp and there is a compact open 
snbgronp K < G snch that Mg{K)IK contains an element of infinite order. 

• There is a locally finite thick tree T snch that G < Aut(T) as a closed snbgronp. Fnrther, G 
acts minimally on dT and there is some point x e dT snch that Gx < G is open and Gx n Go 
contains a hyperbolic element. 


We can now formnlate the main theorem of this article. 


Theorem B (Theorem 6.2). Let G be a group satisfying condition (*). 


Then C^g^(G) is simple. 
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We give two applications of our main result. Since group C*-algebras of totally disconnected groups 
and Hecke C*-algebras are related, our result also implies simplicity of certain reduced Hecke C*- 
algebras (Section |2.5.1[ ), which is in sharp contrast to results previously obtained. 

Theorem C (Corollary |6.3[ ). Let T he thiek tree and T < Aut(T) some not necessarily closed group 
acting without proper invariant subtree. Let A he some vertex stabiliser in T and assume that there 
is a finite index subgroup Aq < A such that A/'r(Ao)/Ao contains an element of infinite order. Then 
the reduced Hecke C*-algebra C^gjj(r,A) is simple. 


As a further corollary of Theorem we obtain a result about type I groups acting on trees. A 
locally compact group G is called type I group if each of its unitary representations generates a type 
I von Neumann algebra. 


Theorem D (Corollary 6.4). Let T be a thick tree and G < Aut(r) be a closed subgroup acting 
minimally on dT. Assume that there is x € dT such that 


• Kx is finite for some compact open subgroup K < G, and 

• there is some hyperbolic element in Gq n Gx. 


Then G is not a type I group. 


Note that our result is in contrast to and motivated by the following conjecture on type I groups. 

Conjecture. Let G < Aut(T) be a closed subgroup. Assume that there is a compact open subgroup 
of G acting transitively on dT. Then G is a type I group. 


Since to a certain extend we are able to control weights on a group C*-algebra, our methods are 
also able to deal with von Neumann algebraic results. We obtain the following factoriality results 
for group von Neumann algebras of non-discrete groups and we are able to determine their type in 
terms of the modular function. We refer the reader to Section [2.4.11 for some facts about Connes’ 
S-invariant S(M) for a factor M. 


Theorem E (Theorem 7.2). Let G be a group satisfying condition (*). Further assume that some 
compact open subgroup of G is topologically finitely generated. Then the group von Neumann algebra 
L(G) is a factor and S(L(G)) = A(G'). 


• If G is discrete, then L(G) is a type IIi factor. 

• If G is unimodular but not discrete, then L(G) is a type IIoo factor. 

• If A{G) = for some A e (0,1), then L(G) is a type IIIa factor. 

• If A(G) is not singly generated, then L(G) is a type IIIi factor. 


We also prove non-amenability of the group von Neumann algebra associated with certain groups 
acting on trees. 


Theorem F (Theorem 8.2). Let G be a group satisfying condition (*). Further assume that some 
compact open subgroup of G is topologically finitely generated. Then L(G) is not amenable. 
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Finally, we give concrete examples of gronps satisfying the hypotheses of onr work. They arise as 
Schlichting completions of Banmslag-Solitar gronps. 


Theorem G (Theorem 9.2). Let 2 < \m\ < n and consider the relative profinite completion G(m, n) 
of the Baumslag-Solitar group BS(m,n). Then the following statements are true. 


• L(G(m, n)) is a non-amenable factor. 

• If\m\ = n, then G(m.n) is discrete and L(G(m,n)) is of type IIi. 

• If\m\ n, then L(G(m,n)) is of type III|m|. 

• C^g^(G(m, n)) is simple. 

The fact that L(G(m, n)) is a factor and the calcnlation of its type was obtained with different 
methods in nnpnblished work of the anthor and C.Ciobotarn. 
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2 Preliminaries 

2.1 Totally disconnected gronps 

For a locally compact gronp G, we denote by Gq the kernel of its modular function A '■ G IR>o 
determined by p.{Ag) = A(g)fj,(A) for any left Haar measnre /r on G and any measnrable set A c G 
with hnite non-zero Haar measnre. By van Dantzig’s theorem |vD36l TG 39], a locally compact 
gronp G is totally disconnected if and only if e e G admits a neighbonrhood basis of compact open 
snbgronps. The modnlar fnnction A of a totally disconnected locally compact gronp G with left 
Haar measnre fi satishes 

X _ ngKg-^)g) _ p.{g-^{K n gKg-^)g) ia{K) _ [K : K n gKg-^] ^ 

pi{Ke^gKg-^) ~ f,{K) 'f,{KngKg-^) [K'.Kng-^Kg] 

for all compact open snbgronps K < G. In particnlar, the modnlar fnnction of a totally disconnected 
locally compact gronp takes only valnes in Q. 

We need the following two observations, abont topologically hnitely generated prohnite gronps. 

Lemma 2.1. Let G be a topologically finitely generated group. Then for every r e IKI there are only 
finitely many closed subgroups of index r. 
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Proof. Let G be a topological group. If iL < G is a closed subgroup of index n < oo, then we 
can identify G/H = n}. We obtain a continuous homomorphism vr : G ^ such that 

H = 7r“^((S,i)i) for some i e {1, ... ,n}, where {Sn)i is the stabiliser group of i. 

Now assume that G is topologically finitely generated. Then there are only finitely many continuous 
homomorphism G ^ Sn for each n, since the image of G is determined by the image of its generators. 
Consequently, G has only finitely many closed subgroups of finite index. □ 

Proposition 2.2. Let G be a locally compact group. If some compact open subgroup of G is topo¬ 
logically finitely generated, then all compact open subgroups of G are topologically finitely generated. 

Proof. Assume that some compact open subgroup AT < G is topologically. Any other compact 
open subgroup of G is commensurated with K, that is any compact open subgroup L < G satisfies 
[K : AT n L], [L : iL n L] < oo. So the proposition follows from the fact that topological finite 
generation passes between finite index inclusions. □ 

2.2 Schlichting completions 

Let A < r be an inclusion of discrete groups. It is a discrete Hecke pair if [A : A n gAg~^] < oo for 
all 5 e r. We define the map i : L ^ Sym(r/A) by left multiplication t{g)hK = ghA. Equipping 
Sym(r/A) with the topology of pointwise convergence, we put L / A ;= /-(L). This is the Schlichting 
completion of the Hecke pair A < T. It is a totally disconnected group equipped with the natural 
compact open subgroup t(A). 

2.3 Groups acting on trees 

Let T be a locally finite tree. Then the group of automorphisms Aut(T) equipped with the topology 
of pointwise convergence is a totally disconnected locally compact group. Every vertex stabiliser is 
a compact open subgroup of Aut(T) and every compact subgroup of Aut(T) stabilises some vertex 
or some edge of T. 

The set of one-sided infinite geodesic rays in T modulo equality at some point is called the boundary 
dT of T. Formally, we have 

dT = {^ : IN ^ AI Vn e IKI : d(^(0), ^(n)) = n}/^ ~ f' if 3no elN,meZVn>no: i{n + m) = ff {n). 

For p,r] &T we denote by [p,ri], [p,'r]), (p,??] and {p,rj) the set of vertices on the geodesic between 
p and 7], excluding or not their starting and end points. Similarly, for x e dT, we denote by [p,x) 
and {p,x) the set of vertices on the unique geodesic which represents x and starts at p. 

The boundary of a tree carries a natural topology called the shadow topology. 

Definition 2.3. For two vertices ptpoIT consider 

;= {xeSTlpe [p,x)}. 

Then the topology generated by all Up^r^, where {p,rj) runs through all pairs of distinct vertices of 
T, is called the shadow topology on dT. 
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The action of Aut(T) on T induces a continuous action by homeomorphisms on dT. We remark 
that every compact subgroup K < Aut(r) which hxes a point in the boundary, automatically hxes 
a vertex of T. 

There are 3 types of elements in Aut(T). Elliptic elements, inversions and hyperbolic elements. An 
element g e Aut(T) is called elliptic if it hxes a vertex of T. It is an inversion, if it does not hx 
a vertex of T, but an edge. In all other cases, g is called hyperbolic. Any hyperbolic element hxes 
exactly two points m. x,y & dT and acts by translation along the axis {x,y). If g translates in the 
direction of x, then x is called the attracting hxed point of g. Two hyperbolic elements are called 
transverse if they have no common hxed point. 

Proposition 2.4. Let G < Aut(T) be a closed non-amenable subgroup. Then there is a minimal 
G-invariant subtree T' < T. If G does not contain any compact normal subgroup, then G ^ T' is 
faithful. 

Proof. Since G is non-amenable, it contains some hyperbolic element. The smallest tree T' contain¬ 
ing all axes of hyperbolic elements in G, is G-invariant. Further every G-invariant subtree contains 
T' . Next observe that the kernel of the restriction map G Aut(T^) is G^', which is a compact 
subgroup of G. It follows that Gt' is trivial and hence G -^T' \s faithful if G does not contain any 
compact normal subgroup. □ 

Proposition 2.5. Let G < Aut(T) be a non-amenable subgroup. If G ^ T admits no proper 
invariant subtree then G ^ dT is minimal. Vice versa, if G is not compact and G ^ dT is minimal, 
then T admits no proper invariant subtree. 

Proof. If G dT is not minimal, then there is some G-invariant open set U c dT such that dT \ U 
contains an open subset. Let 

T'= U 

x,yGU 

be the subtree consisting of all vertices on geodesics joining points in U. Then T' t T, since dT \U 
contains an open set. So we have found a proper G-invariant subtree T' cT 

Now assume that G is not compact and there is a G-invariant subtree T' < T. Since G is not 
compact, T' is inhnite. So it contains at least one inhnite geodesic ray. Let p e T \ T' be some 
vertex. Since T' is convex, there is some neighbouring vertex p ~ g € T \ T' . So the open set 
O = Up^n ^ dT is not empty. If x e dT is the endpoint of some geodesic ray in T' , then Gx n G = 0. 
So the orbit of x is not dense. □ 

We want to have some control over the action on the boundary dT of vertex stabilisers in Aut(T). 
To this end, we make the following dehnition of the meet of two boundary points with respect to a 
hxed vertex in T. 

Notation 2.6. Fix a vertex p & T. Then for x,y & dT we set 

mp(x, y) ;= max{d(p, p) | p e [p, x) n[p,y)} € h\u {+(»} . 

Remark 2.7. • Fix x e dT and p € T. Then a basis of compact open neighbourhoods of x in 

the shadow topology is given by the sets Ux{n) ■= {y e dT\ mp(x,y) > n}, n e IN. 

• The vertex stabiliser Aut(T)p leaves m^ invariant, i.e. for all x,y € dT and all k e Aut(T)p 
we have m.p{kx,ky) = m.p{x,y). 
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We can now quantify the dynamics of a hyperbolic element close to its fixed points. 

Proposition 2.8. Let g e Aut(T) he a hyperbolie element fixing a point x e dT. Then for all p & T 
there is d e IN sueh that for all y e dT \ {x} with mp(x,y) > d we have 

mp{x,y) t m.p{x,gy). 

Proof. Replacing g by its inverse, we may assume that x is its attracting fixed point. Denote by x' 
the repelling fixed point of g and by t] the vertex of T in which the geodesics [p, x) and [p, x') split. 


X 



Let d = d(p, p) + 1 and take y € dT \ {x} such that nip{x,y) > d. Then the geodesic [p,y) passes 
through p in the same direction as [p, x), meaning that [p,y) n (p,x) ^ 0. Denote by f the vertex 
in which the geodesic [p, y) and [p, x) split. Since f e i'n,x) c {x,x') lies on the axis of g, and x is 
the attracting fixed point of p, we have 

d(/3, gO = d(p, p) + d(p, gO > d(p, p) + d(p, f) = d(p, 0 . 

Since the geodesics [p,gy) and [p, x) split in gf, we obtain mp(x,py) = d(p,p^) > d(p,.^) = m.p{x,y). 
This finishes the proof of the proposition. 

□ 


The next lemma gives us many invariant neighbourhoods of points in dT. 

Lemma 2.9. Let K < Aut(T) be a eompaet subgroup fixing x e dT. Then there is a basis of 
K-invariant neighbourhoods of x. 

Proof. Since K is compact there is some p ^ T fixed by K. Then K fixes the geodesic [p, x) 
pointwise. So K fixes elements of the neighbourhood basis of x 

Llx{n) = {y € dT I mp(x, y) > n} ,n e IN . 


□ 
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2.4 C*-algebras and von Neumann algebras 

A C*-algebra is a Banach algebra A such that ||x*x|| = ||xp for all x e A. It is called simple if every 
closed *-ideal in A is either trivial or equals A. 

Denote by B{H) the *-algebra of bounded operators on a Hilbert space H. The topology of pointwise 
convergence on B{H) is called strong topology. A von Neumann algebra is a strongly closed unital 
*-subalgebra of B{H). Note that every von Neumann algebra is also a C*-algebra. Throughout the 
text we assume all von Neumann algebras to act on a separable Hilbert space. A von Neumann 
algebra M is simple if every strongly closed *-ideal of M is either trivial or equals M. Simple von 
Neumann algebras are called factors. 

Let A be a C*-algebra. A projection in A is an element p € A satisfying p = p^ = p* . If p,q are 
projections, then we write p < q in case pq = p. A state on A is a unital functional ip : A ^ C such 
that Lp{x*x) > 0 for all x e A. A state is tracial if (p{xy) = p>{yx) for all x,y € A. 

If A c B{H) is a C*-algebra, then its multiplier algebra 

M(A) := {x e B{H) | Vy e A : yx, xy e A} 

is a C*-algebra, independent of the representation of A in B{H). It carries the strict topology dehned 
on nets by xa x if and only if ||xAy - xy\., \yx\ - yx\ 0 for all y ^ A. Since every C*-algebra 
contains an approximate unit, it is a strictly dense two-sided ideal in its multiplier algebra. 


2.4.1 The type of a von Neumann algebra 


Before dehning the type of a von Neumann algebra, let us remark that every von Neumann algebra 
is the norm closure of the linear span of its projections. So von Neumann algebras contain an 
abundance of projections. The type of a von Neumann algebra depends on how its projections 
behave. 

Definition 2.10. A factor M is called hnite if it admits a a tracial state; a projection p € M is 
hnite if pMp is hnite. 

• M is of type I if it contains a minimal projection. 

• M is of type H if it contain a hnite by not a minimal projection. 

• In all other cases M is of type HI. 

In |Con73| Connes introduced the invariant S(M) c IR>q of a factor M. He proved that 0 i S(M) if 
and only if M is of type I or H. Further, S(M) n IR>o is a closed subgroup. He then proceeds to the 
following dehnition. 

Definition 2.11. Let M be a factor of type HI. If S(M) = {0,1}, then M is of type IIIq. If 
S(M) = u {0} for some A e (0,1), then we say that M is of type HIa. If S(M) = IR>o, then M is 
of type HIi. 


We need the following theorem to calculate the type of group von Neumann algebras appearing in 
this article. We refer to Section 2.6 for a brief introduction to weights on von Neumann algebras. If ip 
is a normal semi-hnite faithful weight y? on a von Neumann algebra M, we denote by A<^ its modular 
operator, by {crf)t = (AdA{^)t the modular how on M and by M‘^ = {x e M| Vt : crf(x) = x} the 
hxed point algebra of the modular how. The spectrum of is denoted by a^A^p). 
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Theorem 2.12 ( |Con73l Corollary 3.2.7]). Let M be a factor with a normal semi-finite faithful 
weight ip. If M‘^ is a factor, then S(M) = it(A(^). 


2.5 Group C*^-algebras and group von Neumann algebras 


Let G be a locally compact group and denote by Ag : G U{l?{G)) the left regular representation 
of G. Then the group von Neumann algebra of G is L(G) = XciG)". The canonical unitaries Xcig), 
g € G are denoted Ug e L(G). Fixing a left Haar measure /r of G, we define Xq '■ Cc(G) ->• i3(L^(G)) 
by 

>^G{f)i{g) = J f{h)^{h~^g)dp.{h) 


for all f,g ^ Cc(G). The reduced group C*-algebra of G is C*gj(G) = Ag(Cc(G)) . The group 
C*-algebra of G does not contain the unitaries Ug unless G is discrete. But Ug e M(C*ggj(G)) 
and even UgCc{G) = Cc(G) = Cc{G)ug. As a matter of fact, we have strongly dense inclusions 
C;gd(G) c L(G) and M(C;gd(G)) c L(G). 

If A < G is a compact open subgroup, we obtain an averaging projection px e Cc(G) c C*ggj(G) 
described by 

PK^{g) = J f.{kg)dp{k) 


for a square integrable function ^ on G representing an element of L^(G). These averaging projec¬ 
tions play an important role in the present paper. They form a natural approximate unit in C*ggj(G) 
and L(G). This is the content of the next proposition. 


Proposition 2.13. Let G be a totally disconnected group. Then the net {px), K < G compact open 
subgroup, strictly converges to 1 in C^gj(G). Further, it strongly converges to 1 in L(G). 


Proof. Since strict convergence implies strong convergence for bounded nets, it suffices to show 
that {px)k strictly converges to 1 in C*g^(G). This in turn follows from a standard estimate for 
\{pxx - a;)||i for X in the dense subalgebra Cc(G) c C*g^{G) and K some compact open subgroup 
of G. □ 


For later use we want to note how averaging projections interact with each other and with the 
canonical unitaries Ug. We start by describing relations between the averaging projections px for 
different compact open subgroups K < G. For the next statement, recall that UgCc{G) = Cc(G). 
Also note that UgPi = Pl for all 5 e L, so that the right hand side of the following equation is 
well-defined. 

Proposition 2.14. Let G be a locally compact group with compact open subgroups L < K < G. In 
Cc(G) we have 

PK = YfFTTI S ^9PL ■ 

■ -bJ gL^X/L 
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Proof. Take L < K < G as in the statement and let / e Cc(G) be arbitrary. Let /x be a left Haar 
measure for G. Then for all h€ G 


( 


1 

[kTT] 


E '^gPLf){h) 

gLsK/L 


( 


1 

[kTT] 


E PLf){9 ^h) 

gL^KjL 


1 


gL,K/Lgi 

{PKf){h). 


E f f{r^h)d^^{l) 


Since Cc(G) is dense in \f{G), we find that px = Hgit^K/L'^gPL- D 

The next lemma shows that averaging projections behave well with respect to conjugation by canon¬ 
ical unitaries. 


Lemma 2.15. Let G be a locally compact group and K < G be a compact open subgroup. Then in 
Cc{G) for all g € G we have 

^gPK^g ~ PgKg^^ • 


Proof. Take K < G as in the statement of the lemma and let /x be a left Haar measure for G. For 
/ e Cc(G) and g,h€ G we obtain 


UgPKulfih) 


f f{gk ^g ^h)dp{k) 
f f{k~^h)dp{k) 


gKg- 


1 


P-igKg 

gKg- 

PgKg-ifW- 


^ f f{k-^h)dp{k) 


This shows that Ugpxu* - PgXg-^ ■ D 

We can next describe products of the form pxUgPK in Cc{G). The second part of the following 
proposition has a reformulation in terms of Hecke algebras (Section 2.5.1). 

Proposition 2.16. Let K be a compact open subgroup and g € G. Put L = K n gKg~^ Then 

PKUgPK = rr. XI UkgPK ■ 

l^ ■ kLeKIL 


In particular for g,h e G we have 


PKUhPKUgPK = 


1 

[K--L] 


E PKUhkgPK ■ 

kLeKIL 
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Proof. By Proposition |2.14 we have 


PK 


1 

[K--L] 


E ^kPL■ 

kL^KjL 


Using Lemma 2.15 


this implies 


PKUgPK = r . E 

kLiKIL L-"'- ■ kLi^KIL L^'- ' kL^KIL 

which proves the hrst part of the proposition. The second part of the proposition follows directly 
from the hrst one. □ 


E '^kPLUgPK = 




E 


UkgPg-^LgPK = 




E 


UkgPK : 


2.5.1 Hecke C*-algebras 


Given a discrete Hecke pair A < T there is a natural convolution product on double cosets. Let 
C(r, A) be the vector space whose basis consists of Vg, h.gK e A\r/A. We set R(g) := [A : AngrAgf”^] 
and L(g') := [A : A n g~^A.g]. We dehne a multiplication on C(r, A) by 


VhVg 


y R{h) 

g'l^AgA 


and an involution by 


R(g) 

Ha) 


Vg-l. 


There is a *-representation of C(r, A) on t'^(A\r) via 


l^h^Ag — E/ ^Ah'g ■ 
Ah'cAhA 


The norm closure of C(r, A) in this representation is the reduced Hecke-C*-algebra of A < T, denoted 
byc;ed(r,A). 


In a completely analogous fashion, one associates with an inclusion K < G oi a compact open group 
into a locally compact group a reduced Hecke-C*-algebra Note that in this case the 

equality 


A(5) = 


[g-^Kg:Kng-^Kg] 
[K : Kng-^Kg] 


R(g) 

Ha) 


holds. There is a ^-isomorphism pKHed{G)pK = Cred(^) R) given by pRUgPK HaY^"^HdY^'^Vg. 
Moreover, if AT < G is the Schlichting completion of a discrete Hecke pair A < T, then C*^^{G,K) = 
C*g(j(r,A) as Tzanev showed in |Tzan31 Theorem 4.2]. 


2.6 Weight theory 

In this section we briehy recall weight theory and the Plancherel weight on the group C*-algebra 
and the group von Neumann algebra of a locally compact group. We refer the reader to |Tak03[ 
Chapter VH] for more details about weight theory on von Neumann algebras and C*-algebras. For 
a short summary of weights on C*-algebras, we recommend |KV99[ Section 1]. Weights should be 
thought of as integration against a possibly inhnite measure on a noncommutative space. 
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Definition 2.17. Let j4 be a C*-algebra. A function ->• [0, oo] is called a weight if 

• ip{x + y) = g>{x) + p){y) for all x, y e A***, and 

• ip{rx) = r(p{x) for all x e r e IR>o. 

If y? is a weight on A then we denote by n,^ := {x e A | (p{x*x) < 00 } the space of square integrable 
elements and by irii^ = n*n,^ the space of integrable elements. Every element x e satisfies 
(^(x) < 00 . There is a unique linear functional on niip which extends We denote it also by (p. 

ip is called densely defined, if m^p c A is dense. We say that (p is proper if it is non-zero densely 
defined and lower semi-continuous in the norm topology. A weight on a von Neumann algebra M 
is called semi-finite if c M is strong-* dense. It is called normal if it is lower semi-continuous 
in the strong-* topology. A normal semi-finite faithful weight is called an nsff weight. 

2.6.1 The GNS-construction 

Definition 2.18. Let ip he & weight on a C*-algebra A. A GNS-construction for is a triple 
{H, A, tt) where 

• Lf is a Hilbert space, 

• K'■ x\.^p ^ H \s & linear map with dense image such that (A(x), A(y)) = ip{y*x) for all x, y e n,p. 

• vr: A ->• B{H) is a *-representation satisfying 7r(x)A(y) = A(xy) for all a e A and all y e xiip. 

Every weight has a GNS-construction, which is unique up to unitary equivalence. 


2.6.2 The Plancherel weight and its modular automorphism group 


Let G be a locally compact group and y a left Haar measure on G. Then the Plancherel weight ip on 
L(G) satisfies ip{f) = /(e) for all / e Cc(G) c L(G). It is an nsff weight. Its restriction to 
is a proper weight. Note that a Plancherel weight depends on the choice of /i via the embedding 
Cc(G)cL(G). 

If iL is a compact open subgroup, we associated the averaging projection px = 
with it. The Plancherel weight ip satisfies 


PiugPx) = 


I KK) 

lo 


,g^K 

, g € G \ K. 


We will see in Lemma 2.23 that this property almost characterises Plancherel weights. 


Plancherel weights are described in |Takn3| Ghapter VII, §3]. The so called modular operator of a 
Plancherel weight is the maximal self-adjoint positive multiplication operator associated with the 
modular function A of G. For a Plancherel weight ip, the modular operator is denoted by A,p. Its 
spectrum is ct(A(^) = A(G). Denote by af = Ad A** the so called modular automorphism group of 
ip (see |Tak03[ Ghapter VIII, §1]. It satisfies af{ug) = A(y)**Ug for all g ^ G. The set of elements 
X 6 L(G) such that the map t^af (x) can be extended to an entire function on C is called the set 
of analytic elements of ip. All elements in Cc(G) are analytic for any Plancherel weight on L(G). 


Let us collect some remarks about the Plancherel weight and its modular automorphism group. 
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Remark 2.19. Fix a locally compact group G with modular function A and a left Haar measure 
/i. Let y? be the Plancherel weight of L(G) associated with fj.. 

• Since af preserves Cc(G) c L(G), it restricts to a one-parameter gronp of *-antomorphisms 
on C*g^(G'). We refer to it as the natural one-parameter gronp of *-antomorphism of the 
rednced gronp C*-algebra. 

• For a compact open snbgronp K < G we have A\x = 1- For any 2 ; e C, we hence obtain 

^ziPK) = (Tt{j^^ J Ugdn{g)) = J a‘^{ug)dij{g)=pK- 


2.6.3 KMS-weights 

If is a normal semi-hnite faithfnl weight on a von Nenmann algebra M, then it satishes 

(f{xy) = 

for all analytic sqnare integrable elements x,y e M. (Compare |Tak03l Chapter VIII, § 1, Dehni- 
tion 1.1]). A similar resnlt for proper weights on C*-algebras does not hold in general. However, 
we are next going to dehne a class of weights on C*-algebras which admit snch control. If {(Tt)t is 
a norm continnons one-parameter gronp of *-antomorphisms, on a C*-algebra A, then the set of 
analytic elements for {crt)t is dense in A according to |Kns971 Section 1]. So the following dehnition 
makes sense. 

Definition 2.20. Let A be a C*-algebra and {crt)t a one-parameter gronp of *-antomorphisms. 
A proper weight (/? on A is called KMS-weight with respect to if 


• (p o at = (p for all t € IR and 

• (p(x*x) = ip{ai{x)ai{x)*) for all x e D(cti), 

2 2 2 

where D((Ti) denotes the domain of at. 

2 2 


Since a Plancherel weight on C*g^{G) is a restriction of a Plancherel weight on L(G), it is a KMS- 
weight. For illnstration, we explicitly work ont the example of Plancherel weights of totally discon¬ 
nected gronps. 


Example 2.21. Let G be a totally disconnected locally compact gronp with left Haar measnre g 
and ip be the Plancherel weight associated with g. Then is a KMS-weight with respect to the 
natnral one-parameter gronp of *-antomorphisms of C*^^{G) from Remark 


2.19 


Indeed, let g,he G and K <G he s, compact open snbgronp. Then by Proposition 2.16 


<p{PKUgPKulpK) = 5g^h 


1 

g{K)[K -.Kng-^Kg] ' 
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Also, using A(g) = we have 


^(<yi/2(PKUhVK)cri/2(VKUgPKy) = A(g) (p{pKUhPKUgPK) 

= ^g,hA{g 

_1_ 

p{K)[K-.Kr\gKg-y 

= p{pKUgPKUhPK) ■ 


Moreover, 


^{crtipKUgPK)) = A{gy^(f{pKUgPK) = 


0 


, if 5 e iC 
, if 5 e G \ A" 


= ^{PKUgPx) , 


by the fact that A\k = 1- Since p is proper, |Kus97| Result 2.3 combined with Proposition 6.1] 
applied to the subset IJ k<g PkCc{G)pk <= C*g^(G) show that is a KMS-weight with respect 

compact open 

to {at)t- 


One can show that the modular automorphism group of a KMS-weight, is implemented by a modular 
operator, which is described in the following proposition. 

Proposition 2.22. Let ip be a KMS-weight with respect to a one-parameter group of 
*-automorphisms on a C*-algebra A. Let (H,A,tt) be a GNS-construction for f;. There 

is a unique positive self-adjoint operator A^ on H such that 

A^^A{x) = A{at{x)) 

for all X e n^. 

We refer to |Takn3| Chapter VIII, §1, proof of Theorem 1.2] and |KV99| Section 2.2] for more details. 

The notion of KMS-weights allows us to characterise the Plancherel weight on C*^yG) similar to 
the canonical trace on group C*-algebras of discrete groups. Recall that the natural one-parameter 
group of *-automorphisms of C*g^(G) is the restriction of the modular flow of a Plancherel weight 
as described in Section [2.6.21 

Lemma 2.23. Let be a KMS-weight for the natural one-parameter group of *-automorphisms on 
C^gd(G). If there is a left Haar measure p on G such that for every g € G and K < G compact open 
we have 

yiugPx) = 

then is the Plancherel weight associated with p. 


,g^K 
,9^K , 


We refer to the poofs of Proposition 1.14 and Corollary 1.15 in |KV99) . Denoting by cp the Plancherel 
weight normalised to P>{pk) = 'f’iPK)^ then the proofs given by Kustermans-Vaes can be taken over, 
if we observe that that pK^ K < G compact open, is a net converging to 1 strictly in C*^yG) by 
Proposition 2.13 and and p agree on elements of the form apx- 


The following proposition can be found for example in |KV991 Proposition 1.13]. It says that we 
have similar control over KMS-weights on a C*-algebra as we have over normal semi-hnite faithful 
weights on a von Neumann algebra. 
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Proposition 2.24. Let be a KMS-weight to with respect to {(Tt)t on a (T-algebra A. Denote 
by A the analytic subalgebra of {cFt)t- If x,y e A are square integrable with respect to ip, then 
ip{xy) = ip{ya-i{x)). 


2.6.4 The S-invariant of a group von Neumann algebra 


We explain how to determine Connes’ S-invariant (Section 2.4.1) for group von Neumann algebras 
of totally disconnected groups. For the purpose of this paper, it suffices to analyse the modular 
operator of a Plancherel weight. 


We start by identifying the centraliser (see |Tak03l Chapter VIII, §2]) of a Plancherel weight. If ip 
is an nsff weight on a von Neumann algebra M, and {crf)t is the modular automorphism group of 
p, then the fixed point algebra of {crf)t is denoted by M'^. It is called the centraliser of p. For 
the next proposition recall from Section [2.1 [ that Go denotes the kernel of the modular function of 
a locally compact group G. 


Proposition 2.25. Let G be a totally disconnected group and p a Plancherel weight on L(G). Then 
L(Gr = L(Go).. 


Proof. Since af (ug) = A{gy^Ug for all 5 e G, it follows that L(Go) c L(G)‘^. We prove the converse 
inclusion. For x e L(G)‘^ and a compact open subgroup K < G, we have xpx ^ L(G)‘^. By 
Proposition 2.13 it suffices to prove that Li(G)‘^pk ^ L(Go). Let x e h(G)‘^pK- Since px e n^p, we 


can consider Ap{x) = T^gKeGIK Xg'^gK for unique scalars Xg e C. By Proposition 


2.22 


we have 


Ap{x) = Ap{af (x)) = A"pAp{x) = ^ XgKA{gyHgK ■ 

gKeG/K 


By uniqueness of the coefficients Xg, gK e GjK, we see that Ap{x) e L^(Go). This shows that 
a: e L(Go), which finishes the proof. □ 

Proposition 2.26. Let G be a locally compact group and p be a Plancherel weight on L(G). Then 

a{Ap) = A(^. 


Proof. We saw in Section 2.6.2 that A^ is the multiplication operator associated with g i->- A(g). 
So the proposition follows right away. □ 

Theorem 2.27. Let G be a totally disconnected group such t/iat L(Go) is a factor. Then S(L(G)) = 

A(^. 


Proof. By Propo sition 2.25 we may apply Theorem 2.12 to a Plancherel weight p of L(G). Then 
Proposition 2.26 shows that S(L(G)) = a{Ap) = A(G). □ 


3 Groups acting on trees with open stabilisers of boundary points 


In this section we describe different aspects of groups G acting on a tree T such that Gx < G is 


open for some point x e dT. In Theorem 3.6 we describe condition (*) from the introduction, which 
applies to all groups treated in the rest of this article. 
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Proposition 3.1. Let G < Aut(T) he a elosed subgroup and let x e dT. Then the following state¬ 
ments are equivalent. 

• Gx < G is open. 

• For every compaet open subgroup K <G the orbit Kx is finite. 

• There is a eompaet open subgroup K < G fixing x. 

Proof. If Gx is open, then \Kx\ = [K : K n is finite for all compact open subgroups K < G. 
Further, if \Kx\ < oo for some compact open subgroup, then Kx < K is closed and has finite index 
and it is hence a compact open subgroup of G. Finally, if some compact open subgroup K fixes x, 
then K < Gx, showing that Gx is open. □ 

Proposition 3.2. Let G < Aut(r) be a elosed subgroup. Let g € G be hyperbolic and denote by x 
the attracting fixed point of g. Then the following statements are equivalent. 

• Gx < G is open. 

• There is a compact open subgroup K < G such that g"'Kg~'^ > K for all n € IN. 

• There is a compact open subgroup K <G such that [K : K n g'^Kg~'^], n e IN, is bounded. 

• For all compact open subgroups K < G the sequence [K : K n g'^Kg~'^fi n e IN, is bounded. 

Proof. Assume that Gx < G is open. Let p be a vertex of T on the axis of g. Then K := Gx n Gp = 
G^p x) is a compact open subgroup of G. We have g^Kg~'^ = G^g^^p x) > = AT for all n e IN. 

Assume that there is K < G such that g'^Kg~'^ > K for all n e IN. Then K r\g^Kg~^ = K and hence 
[K : K n g'^Kg~'^^ = 1 is bounded in n. 

Assume that there is a compact open subgroup L < G such that [L : Lr\ g^Lg~'^^ is bounded in n. 
Let iL < G be a compact open subgroup. Then 

[K:Kn g^Kg-^] <[K:Kn g^{K n L)g-^] 

< [K:Kng^Lg-^][L:KnL] 

< [{K n L) : (a: n L) n g"'Lg-^][K : K n L][L : K n L] 

< [A : L n c/”Lp"”][A': AT n A][A : AT n L] . 

It follows that [K : AT n g^Kg~^^ is bounded in n. 

Assume that for all compact open subgroups K < G the sequence [AT : K n p^ATp”"'], n e IN is 
bounded. Let p be a vertex on the axis of g. Then K := Gp is a compact open subgroup and 
Kr\g'^Kg~'^ = G[p^g"p] is a descending sequence of compact open subgroups. Since [K : Kr\g'^Kg~^^ 
is bounded in n, the sequence K r\g'^Kg~^ becomes stationary. So PlnsoA" r\g'^Kg~^ is an open 
subgroup. Then also Gx > ^[p,^) = Plnso A' r\g^Kg~'^ is open. □ 

Before we describe hyperbolic elements both of whose fixed points have an open stabiliser, we need 
to note the following well-known lemma. 
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Lemma 3.3. Let G < Aut(r) he a elosed subgroup fixing a point x e dT. Let H be the set of all 
elliptic elements ofG. Then H is an ascending union of compact open subgroups and every element 
of G \ H is hyperbolic. For every g € G \ H whose attracting fixed point is x there is a compact open 
subgroup K < H such that gKg~^ > K and H = UneZ 

Proof. Let g,h € G he elliptic. There are p,r] e T fixed by g and h respectively. Let ^ be a point 
in [p,x) n [p,x). Then g and h fix so gh fixes ^ and it is hence elliptic. Since H is the union of 
vertex stabilisers, it is open in G. Since G fixes x e dT, it consists only of elliptic and hyperbolic 
elements. Hence G \ H consists entirely of hyperbolic elements. 

Now let g € G \ H he a hyperbolic whose attracting fixed point is X. Let p be a vertex on the axis 
of g and K = G[p^x)- Then gKg~^ = G^gp^x) ^ K. If k e H, then there is p' e T fixed by k. Since 
kx = X, k fixes all points on the geodesic [p^x). So fc e G^p'^x)r\[p,x) D 

Proposition 3.4. Let G < Aut(r) be a closed subgroup and g € G hyperbolic such that one of its 
fixed points in dT has an open stabiliser in G. Then the following statements are equivalent. 

• Both fixed points of g have an open stabiliser in G. 

• g lies in the kernel Gq of the modular function of G. 

• g normalises a compact open subgroup of G. 

In particular, if g € Gq is hyperbolic, then either both or none of its fixed points have an open 
stabiliser. 


Proof. Throughout the proof, g ^ G denotes a hyperbolic element such that Gx is open for one of 
its fixed points x e dT. Replacing g by its inverse if necessary, we may assume that its attracting 
fixed point has an open stabiliser in G. 


By Proposition 3.2 there is a compact open subgroup K < G such that g^Kg ^ > K for all n e IKI. 
Then 

[K-.Kn g~^Kg^] = [g^Kg-^ : K] = A(p-”) = A(p)-" . 


If the repelling fixed point of g has an open stabiliser. Proposition |3.2| and the previous equation 
show that Ag'(p)“^ is a positive integer, whose powers are bounded. Hence Acig) = 1, which proves 
that g € Gq. 


If p e Go, let A' < G be a compact open subgroup such that gKg ^ > K, which is provided by 


Lemma 3.3 Since left and right multiplication with g preserve the left Haar measure of G, this 


implies gKg = K. So p normalises a compact open subgroup of G. 


Finally if p normalises some compact open subgroup K < G, then Proposition 3.2 applies to p and 
p“^, showing that both fixed points of p have an open stabiliser. 


Since an arbitrary hyperbolic element p e G normalises a compact open subgroup of G if and only 
if g~^ does so, the last statement of the proposition follows. □ 


Let us now describe condition (*) as it is mentioned in the introduction. To this end, we need a 
characterisation of amenable subgroups of Aut(T). 

Proposition 3.5 (Adams-Ballmann |AB98) i. Let G < Aut(T) be a closed subgroup. 
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• If G is amenable, then it fixes some point in V{T) u E{T) u dT. In case G fixes an edge of 
T, then it contains an index 2 subgroup fixing a vertex ofT. 

• If G fixes a point in V (T) u E{T) u dT, then it is amenable. 

Theorem 3.6. Let G be a topological group. Then the following two conditions on G are equivalent. 

• There is a locally finite tree T such that G < Aut(T) as a closed subgroup. Further, G is 
non-amenable without any non-trivial compact normal subgroup and there is a compact open 
subgroup K <G such that J\fG{K)lK contains an element of infinite order. 

• There is a locally finite thick tree T such that G < Aut(T) as a closed subgroup. Further, G 
acts minimally on dT and there is some point x e dT such that Gx < G is open and Gx n Go 
contains a hyperbolic element. 


Proof. Assume that G satisfies our first condition and take G < Aut(T) as in the statement. Since G 
is non-amenable there is a minimal G-invariant subtree T' < Thy Proposition |2.4[ Note that T' must 
be thick. Since G does not contain any compact normal subgroups, we can consider G < Aut(T') 
by restriction. Since G ^ T' admits no proper G-invariant subtree, it follows that G dT' is 
minimal by Proposition 2.5 Let iP < G be a compact open subgroup and g e MciK) an element 
whose image in Mg{K)IK has infinite order. Then H '.= {K,g) < G is a non-compact amenable 


open subgroup. So Proposition |3.5| says that there is x e dT fixed by H. In particular, H < Gx < G 
is open. Moreover, g e Gx is not contained in any compact subgroup, so g is hyperbolic. Now 
G < Aut(T') satisfies all conditions of the second statement. 

Now assume that G satisfies the second condition of the theorem and take G < Aut(T) as in the 
statement. Note that G is not compact, since it contains a hyperbolic element. Since T is thick and 
G ^ dT is minimal, it follows that G is non-amenable. Moreover, G ^ T is minimal by Proposition 
So any compact normal subgroup of G fixes T pointwise, showing that it is trivial. Take x e dT 


2.5 


such that Gx is open and G^nGo contains a hyperbolic element g. By Propositions |3.2| and |3.4| there 
is a compact open subgroup K < G such that g e Mg{K). Since <7 e Go it follows that g e Mg{K). 
Since g is hyperbolic, it is not contained in any compact subgroup of G and hence its image in 
Mg{K)!K has infinite order. So G satisfies all conditions of the first statement. This finishes the 
proof of the theorem. □ 


4 Locally compact Powers groups 

In this section we introduce the notion of a locally compact Powers group. This generalises an idea 
of Powers |Pow75| and de la Harpe |dlH85| to prove C*-simplicity for discrete groups. We prove an 
analogue of Powers averaging. Further we adapt an idea of de la Harpe and Preaux |dlHP09] used 
to show C*-simplicity of HNN-extensions in order to prove that a natural class of groups acting on 
trees are Powers groups. This justifies our definition of Powers groups in the context this article. 
We however insist on the ad hoc character of the next definition. 

Definition 4.1 (Locally compact Powers group). Let G be a locally compact group. Let iP < G be 
a compact open subgroup, T c G \ LC be a compact set and r e INI. We say that G satisfies Powers 
property with control r with respect to K and F if the following condition holds. 

For all n e INJ^ there are elements gi,..., gn ^ Gq and a decomposition of G into left LC-invariant sets 
G = G u D such that 


18 










• for all / e F we have fC n C = 0 , 

• the sets giD,... ,gnD are pairwise disjoint, and 

• [K : K n giKg~^^ < r for all i e {1,..., n}. 


If we do not need to specify control, we speak of Powers property with respect to K and F only. 


Remark 4.2. •A discrete group G is a Powers group in the sense of |dlH85) if and only if it 
has the Powers property with respect to {e} and F for all finite sets F c G \ {e}. 


For the results of this paper it is important to introduce explicit control over the subgroup K 
and the constant r in our formulation of Powers property. This becomes clear from Proposi¬ 


tion 4.5 and the proof of Theorem 6.2 


• We may replace the control condition “[F : K n giKg'^^^ < r for all i e {1,..., n}” by 
“[iP : K Cig^^Kgi] < r for all i e {1,... ,n}”, since gi,... ,gn e Gq. Indeed, [K ■ K n gKg~^] = 
A{g)[K ■■ K n g~^Kg] for all g ^ G. 


The next proposition generalises Powers averaging to locally compact Powers groups. We adapt the 
proof given in |dlHn7| . 

Proposition 4.3. Let G be a locally compact group. Assume that G has the Powers property with 
control r e IM with respect to the compact open subgroup K < G and the compact set F c G\K . Then 
for all X e Cc(G) whose support lies in F and all £ > 0 there is n € U and elements gi,... ,gn ^ Go 
satisfying 

1 " 

^ i=i 

and [K : K n giKgf^^ < r for all i £ {1,..., n}. 

Proof. Take K<G, FcG\K and r e IN as in the statement of the proposition. Checking the 
definition of Powers property, we see that we may assume F - FK. Let x e Cc(G) have support in 
F and let e > 0. For all n e IN^ there are elements gi,... ,gn e Gq and a decomposition of G into 
iP-invariant sets G = G u D such that 


• for all / € F \ AT we have fG n G = 0, 

• the sets giD,... ,gnD are pairwise disjoint, and 

• [K ■■ K n giKgf^] < r for alH e {1,..., n}. 

Let F be a set of representatives for F jK and write 

XPK = XI XfUfPK 
f^F 


for some scalars x/ e C, f ^ F. Since G is F-invariant, it is open. For z e {1,..., n} we may consider 
the orthogonal projections 


qi-.L\G)^L\giG). 
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Then for all / e F 

UfPKUg^qiL\G) = L\fC) and u;^q^L\G) = L\C) . 

So 

{q^Ug^UfPKu;^q^L\G),L\G)) = {ufPKu;^q,L\G),u;^q^L\G)) = {L\fC),L\G)) = {0}. 

This shows qiUg^UfPKU*.qi = 0. Moreover, the images of {l-qi)ug^UfPKUg., i e {1,...,n} are pairwise 
orthogonal. Also, the supports of qiUg^UfPKUg.{l - qi), i e {1,... ,n} are pairwise orthogonal. We 
can proceed to the following estimate. 



In the rest of the section we are going to prove that groups satisfying condition (*) have the Powers 
property with respect to specific compact open subgroups. To this end, we need an abundance 
of pairwise transverse hyperbolic elements with uniform control over how well they commensurate 
compact open subgroups. 

Lemma 4.4. Let G < Aut(r) be a elosed non-amenable subgroup aeting minimally on dT. Assume 
that there is x € dT sueh that Gx is open and Gx n Go eontains a hyperbolie element. Then for every 
non-empty open set O c dT there is r e IN and a sequence of pairwise transverse hyperbolic elements 
igi)i>i Go such that the fixed points of gi lie in O for all i>\ and for all compact open subgroups 
K < G the indices [K : K n g\Kgf^^ are uniformly bounded in i> 1 and I e Z. 


Proof Let O c dT be open. Since Ggx = gGxg~^ for all x e dT and all g ^ G, the set of points x e dT 
such that Gx is open and Gx n Go contains a hyperbolic element is dense by minimality of G dT. 
So we may take h € Gq hyperbolic with attracting hxed point in O. Since G is not amenable, we 
may then hnd a conjugate g oi h which is transverse to h. 

Replacing h by some positive power of itself, we may assume that h maps the hxed points of g into 
O. Then the elements gi ■= h''gh~^ , i e IN’^ are hyperbolic and their hxed points lie in O. 

Take a compact open subgroup K < G. For all i > 1 and / e Z we have 

[K:Kn glKgf^] = [K : K n hf g^ h'^ K {hf g^ h-^Y^^ 

= [h-^KY ■ h-^KY n Yh-^KYg-^] 

< [h-^KY ■ h-^xY n n h-^KY)g-^] 

< [h-^XY : h-^XY n YXg-^][X : X n X^XY] 

< [{X n X^XY) : {X n X^XY) n YXg-^][X : X n X^XY][X^XY : X n X^XY] 
<[X:Xn YXg-^][X : X n X^XY][X : X n YXX^] 
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Since by Proposition |3.4| the fixed points of g,h€ Gq have open stabilisers, Proposition 3.2 implies 
that [K : K n g^Kg^^] is uniformly bounded for i > 1 and I e Z. Possibly passing to a subsequence 
of (gi) i>ii may assume that these elements are pairwise transverse, which hnishes the proof. □ 


We proceed to show Powers property for groups satisfying condition (*). The proof is inspired by 
Proposition 8 of |dlHP09| . 

Proposition 4.5. Let G be a group satisfying condition (*). Then the following statements hold 
true. 

(i) There zs r e IKI and a compact open subgroup K < G such that for all compact sets F c G \ K, 
G has the Powers property with control r with respect to (K,F). 

(a) For a compact open subgroup L <G and x e dG such that Gx is open, set K '■= Ln Gx- Then 
G has the Powers property with respect to {K,L \ K). 

(Hi) For all neighbourhoods of the identity N c G there is a compact open subgroup K < G contained 
in N such that G has the Powers property with respect to (K,gK) for all g € G \ K. 


Proof. We start to consider case |(i)| Fix x e dT such that Gx < G is open and Gx n Go contains a 


hyperbolic element. By Lemma [3.3| and Proposition 3.4 we hnd a maximal compact open subgroup 
K < Gx such that Gx ^ K consists of hyperbolic elements only. Let F c G\K he a compact set. We 
construct an open iL-invariant subset O c dT such that fO n O = 0 for all f ^ F. Consider F \ Gx- 
It is covered by hnitely many right iL-cosets. Further fxi^x for all f e F \ Gx- By Lemma 2.9 
we hnd an open iP-invariant set Oq ^ x such that (F \ Gx)Oo nOo = 0. Since F c G \ K, Lemma 
|3.3| applies to show that F n Gx only contains hyperbolic elements hxing x. It is covered by cosets 
hiK ,..., hmK where hi ,..., hm are hyperbolic elements hxing x. Find peT hxed by K. Since x is 
a hxed point for all hyperbolic elements hi,..., hm-, we can apply Proposition 2.8 to mp(x, ■). We 
hnd some d e iNl such that Oi ■= {z e dT \ va.p{x, z) = d} satishes hiOi r\Oi = 0 for all i e {1,..., m}. 
Since K hxes x and m.p is iP-invariant, we see that kOi = Oi for all k e K. So (F n Gx)Oi n Oi = 0. 
Recall from Remark 2.7 that the sets {z e dT\xQ.p{x,z) > d'}, d' e IL, form a basis of compact open 


neighbourhoods of x- We hence may choose d big enough so as to assume that OonOi t 0 . Putting 
O := Oi n Oo, we found a non-empty iP-invariant open subset of dT such that fO n O = 0 for all 
f^F. 

Let g e Gq he some hyperbolic element whose attracting hxed point lies in O and whose repelling 
hxed point we denote by y e dT. Let lA ^ y he a clopen neighbourhood. By Lemma |4.4| there 
is a sequence of pairwise transverse hyperbolic elements {hi)i>i in Go whose hxed points lie in 
dT \ ({x} uU). Also, we hnd xq e INI such that [K : K n h\Khf^] < xq for alH > 1 and all I e Z. Note 
that X is independent of F. Denote the attracting hxed point of hi by ai and its repelling hxed 
point by Wj. Since ai,LOi e dT \ ({x} u7/), z > 1 , there is some m e 
all z > 1. Let gi g^hig~ 


such that g"^ai, g"^uji e O for 


Now calculation of Lemma 4.4 shows that 


[K:Kn glKgf] <[K-.Kn g^Kg-^]rl =: x 


for all z > 1 and all I e Z. Before we hnish the proof in case (i) 
proposition. 


let us consider the other cases of the 


Consider case |(ii)| Take a compact open subgroup L < G and x e dT such that Gx is open. Put 
K := L n Gx and F '-= L \ K. Since L is compact and Gx is open, Fx is hnite by Proposition |3.1| 
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Moreover, x ^ Fx. By Proposition |2.9| there is an open if-invariant set O c dT such that fOnO = 0 
for all f ^ F. 


Let us now consider case (iii) Take a neighbourhood of the identity N c G. Note that for any set 
S c dT containing at least three different points, Gs fixes a point in T and it is hence compact. 
Since G ^ dT is faithful, in any dense set Sq c dT we hnd a hnite subset S c Eq such that Gs c N. 
The set 

So := {x € dT \ Gx is open and Gx n Go contains a hyperbolic element} 


is dense, because G dT is minimal. It follows that there is a hnite subset S c So such that 
Gs c N. Put K ;= Gs. If 5 e G \ iL, then there is x e S such that gx ^ x. Let O be an open 
neighbourhood of x such that gO nO = 0. Since K hxes x, Proposition |2.9| says that we may make 
O smaller so as to assume that it is iP-invariant. For the last part of the proof we set F := gK. 


In all cases (i)|(ii)| and (iii) we have a compact open subgroup K < G and a compact right K- 
invariant set F c G \ K together with an open iP-invariant set O c dT satisfying fO nO = 0 for all 
f ^ F. In case|(i)[ K is independent of the choice of F. Moreover, in case (i) we already constructed 


a sequence {gi)i>i of pairwise transverse hyperbolic elements whose hxed points he in O. Ther e is 
some r € IKI independent of F such that [iL : K n g\Kg~^^ < r for alH > 1 and all Z e Z. In cases (ii) 


and (iii)[ we may choose such a sequence {gi)i>i according to Lemma 4.4 But in the latter case, r 
possibly depends on F. For the next paragraph, denote by Wj the attracting hxed point of gi, i > 1. 


Now pick x e dT and set 


G:= {g€G\gx€0}, 

D:= {g€G\gx^O}. 

Then G and D are left iZ-invariant, since O is LC-invariant. Moreover, fOr\0 = 0 implies /GnG = 0 
for all f ^ F. Fix n e IN. We can hnd pairwise disjoint open neighbourhoods of Wi of Wj, i e {1, ..., n) 
and exponents li € such that g^^{dT \ O) c Wi. Replacing each gi by ( 5 r|% we may assume that 
gi{dT \ 0) c Wi- Then giD,..., gnD are pairwise disjoint sets. This hnishes the proof of the 
proposition. □ 


5 Fullness of averaging projections 

In this section we take a hrst step to prove our C*-simphcity result. If a group G is C*-simple, then 
in particular the projections px averaging over a compact open subgroup of G are full in C*g^(G). 
We are not aware of any simple criterion ensuring fullness of px- So the aim of this section is to 
prove that averaging projections in reduced group C*-algebras of groups satisfying condition (*) are 
full. 

We start with a lemma ensuring invertibility of certain averages in C*g^{G) in the proof of Propo¬ 
sition 15.21 

Lemma 5.1. Let G be a locally compact group and K < G a compact open subgroup. Then for all 
g € G we have 

PKU*gPxUgPx >[K : Kn gKg~^Y‘^px . 

Proof. Take a compact open subgroup K <G and g ^ G. It suffices to prove that for all f e pxf?{G), 
we have (pKU^gPKUgPkiif,) ^ \_K : Kr\gKg~^Y‘^\i\‘^■ Let p be the left Haar measure for G satisfying 
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li{K) = 1. For ^ = Y,hih^Kh epA'L^(G), we have 


{PKUgPKUgPki.i) = \\PKUgif = Y, f \(h\'^\iPKtgKh)iOfdp{l) 

h ^ 

= E / / tgKh){k-H)dp{k)fdp{l). 


Since k & gKh if and only if fc e //i ^Kg we obtain for I e gKh and k e gKg ^ n K that 
'^gKh{k~^l) = 1. We can hence continue the previous equation and obtain 

{PKU*gPKUgPkC,C) > Y, \^h\^p{ 9 Kh)p{gKg~^ n Kf 

h 

= p{gKg-^nKfY\^h\^f^{Kh) 

h 

= [K-.KngKg-^r^\\if. 


This finishes the proof of the lemma. □ 

Proposition 5.2. Assume that G is a group satisfying condition (*). Then px is a full projection 
in C^g^(G); i.e. the closed two-sided ideal generated by px equals Cfi^^{G). 


Proof. We have to show that for all compact open subgroups K < G the closed two-sided ideal 
generated by px equals C*^^{G). We start by proving the following claim. 


Claim. Let I < C*^^{G) be a closed two-sided ideal such that px e I for some compact open 
subgroup K < G. Then pxnG^ ^ k for all x e dT that have an open stabiliser Gx < G. 

Fix I < C*g^(G), K < G and x e dT as in the claim. By Proposition |4.5| the group G has the Powers 
property with respect to L := iP n Ga; and F := K \ L. We can write [K : L]px = T.gL^KIL'^gPL, as 
shown by Proposition 2.14 So Proposition |4.3| says that there is r e INI such that for all e > 0 there 
are 51 ,..., e Go satisfying [L : L n giLg^] < r and 


1 

n 


n 


Yug^iiK : L]px -PL)Ug^ 
2=1 


< £ . 


Note that [L : L n 5 - ^Lgi\ = [L : L n ^]A( 5 ^ ^) < r for all i e {1,..., n}. By Lemma 


5.1 


we have 


PLUg^PLU*PL > [L : L n 5 - ^Lgi\ ^pi > r ^pL 


for all i e {l,...,n}. We showed that there is0<(5:=r^<l such that for all e > 0 there is 
^ ;= l.ZlPLUg^pxu*g.pL e I and an invertible element y ■= ^ Zi=iPLUgiPLU*g.pL e pLC*^diG)pL 
such that llx-yll < e and <T{y) c [<5,1]. Then < 7 ( 5 “^) c [1,(5“^] and in particular ||y“^|| < So 


x-y ^-plW < lk-y||||y ^11 ^ 


Choosing e < 6, we conclude that x-y ^ e / is invertible in plC*^^{G)pl- So pl ^ I, which proves 
the claim. 

Since G dT is minimal the set 


So := {x € dT \ Gx is open and Gx n Go contains a hyperbolic element} 
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is dense in dT. Moreover, for every set S c Sq such that |S| > 3, the pointwise stabiliser Gs fixes a 
point in T and is hence compact. By faithfulness of G ^ dT, we conclude that the compact open 
subgroups Gs wi th T, c Sq and |S| > 3 form a neighbourhood basis of e in G. So the claim combined 
with Proposition 


2.14 


By Proposition 


2.13 


shows that pL ^ C*^^{G)pkC*^^{G) for all compact open subgroups L < G. 
(pk), K < G compact open, strictly converges to 1 in C*^^^{G), it follows 


that the closed two-sided ideal generated by all projections px, K < G compact open subgroup, is 
C*gd(G). This finishes the proof of the proposition. □ 


6 C "^-simplicity 

This section has two aims. First, we show that a C*-simple group must be totally disconnected, 
extending Proposition 4 of |BCdlH94] . Then we combine results from Sections and in order 
to prove that groups satisfying condition (*) are C*-simple. In connection with examples from 
Sectionthis gives rise to the first C*-simplicity result for non-discrete groups. 

Let G be a locally compact group and vr a unitary representation of G. We denote by tt the *- 
representation of the maximal group C*-algebra C^^^{G) that is induced by vr. If vr,/? are two 
unitary representations of G, then we say that vr is weakly contained in p and write vr < p, if 
kervr => kerp. If vr < p and vr > p, we say that vr and p are weakly equivalent and write vr ~ p. We 
refer to [BdlRVOSl Appendix F] for more a good summary of basic properties of weak containment. 
It is clear from the definitions that G is C*-simple if and only if vr < Xq implies vr ~ Xq for every 
unitary representation tt of G. We will use this characterisation of C*-simplicity in the proof of the 
following theorem. 

Theorem 6.1. Let G be a loeally eompaet C* -simple group. Then G is totally disconneeted. 

Proof. Let G be a locally compact group that is not totally disconnected. We have to show that 
there is a unitary representation tt < Xq such that tt / Xg- 

Since G is not totally disconnected, the connected component G® < G of the identity is not trivial. 
Let K < G^ the maximal compact normal subgroup. By the structure theorem for locally compact 
groups, G^jK is a connected Lie group. If R denotes the inverse image in G® of the amenable radical 
of G^jK, then H := G^jR is a connected semi-simple Lie group with trivial centre and hence it is 
linear. Note that R is amenable, since it is compact-by-amenable. Moreover, ii is a characteristic 
subgroup of G*^ and hence normal in G. If i? ^ {e} then the quasi-regular representation Xg,r is 
weakly contained in Xq, but it is not injective on G. Hence Xg,r / Ac, which finishes the proof 

So we may assume that R = {e} and hence iL = G^ is a connected semi-simple linear Lie group. Let 
ttq be a principal series representation of H and let vr = Ind^(7ro) be the induced representation of 
G. Then tt < Xg, since vro < Xr- We show that vr is not weakly equivalent to Xg- By Mackey’s 
subgroup theorem |Mac51[ Theorem 12.1], we have Res^(7r) ~ 0a6G'^o°a ^ 0aeAut(J7) where 

we apply a e G via its image in Aut{H). 

By the definition of the Fell topology, {p irrep of H\p < vro} is closed in the unitary dual H. Since 
every semi-simple Lie group has a finite outer automorphism group, by |Mur521 Corollary 2], and 
TTQoa depends up to unitary equivalence only on the image of a e Aut(iL) in Out(H), it follows that 
UaeAut(/f){/3 irrep of H \ p < ttq o a} is closed in H. So if p is an irreducible unitary representation 
of H such that p < ®a£Ant(H) ^0 ° ct, then p < ttqo a for some a e Aut{H). Since iL is a CCR group 
by |Dix771 Theorem 15.5.6] and since vro o a is irreducible, we conclude that p = ttqo a. 


24 















We showed that Res^(7r) weakly contains only hnitely many irredncible representations of H. 
However \h = Res^(AG') weakly contains all principal series representations, of which there are 
inhnitely many. This implies tt / Xq and hnishes the proof of the theorem. □ 

Theorem 6.2. Let G be a group satisfying condition (*). Then is simple. 


Proof. Take G < Aut(r) as in the statement of the theorem. Let I < C*^^^{G) be a non-trivial closed 
two-sided ideal and take 0 x € I positive. By Proposition 4.5|[(I) there is a compact open snbgronp 
K < G and some nnmber r e IKI snch that for all compact snbsets F c G \ K, Powers property with 
control r holds with respect to {K,F) inside G. We choose the Plancherel weight cp on C*^^{G) 
satisfying (p{pk) = 1- We may scale x so that ip{pKxpK) = 1- Fix e > 0 and hnd yo e Cc(G) snch 
that ||x-yo|| < |- Since G has the Powers property with control r with respect to K and suppyo ^ A', 
Proposition 4.3 says that there are elements gi,... ,gn ^ Gq for which Powers averaging gives 


I n ^ 

-Z^9^(yoPK-PK)UgJ\ < - 


n 


2=1 


and [iL : K n giKg- ^] < r for all i e {1,..., n}. We obtain that 


-Jlug^ix-PK) 


u 


n 


i=l 




^ W-^Zug^iVO-PK) 


U 


e £ 

< - + - . 
2 2 


e 

9i II 2 


Then also 


-ZPKUgiXUg^PK - - ZPKUg^PKUg^pxl < £ ■ 
n n 


2=1 


5.1 


we 


Note that [iL ■ K n ^Kgi] = [K : K n g-iKg^ ^]A{g^ ^) < r for all i e {1,..., re}. By Lemma 
have PKUgPKU*gPK > [K : K n g-^Kg]~‘^pK for all y e G. This implies that ^ ZZiPKUg^PKU*g^PK > 
r~‘^PK- 

Snmmarising the proof np to now, we showed that there is 0 < h := < 1 snch that for all e > 0 there 

is a := ^ Zi=lPKUg^xu*g^PK e I and an invertible element b := ^ Zi=iPKUg^pKU*g^PK £ PKC*ed(G)pK 
snch that ||a-6|| < e and (t( 6) c [5,1]. Then c [1,(5“^] and in particnlar ||6~^|| < So 


||a-y -pj^||<||a- 


■^11 < ^, 


Choosing e < S, we conclnde that a-b ^ e / is invertible in pkC*^^{G)pk- So pk £ F By Lemma 
we obtain I = C*^^{G). This hnishes the proof. 


5.2 


□ 


6.1 Applications 


In this section we apply Theorem 6.2 to two problems of independent interest. We hrst give to the 
best of onr knowledge the hrst non-trivial examples of simple rednced Hecke-C*-algebras and then 
show that certain gronps acting on trees are not of type 1. 
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Corollary 6.3. Let T be thick tree and F < Aut(T) some not necessarily closed group acting without 
proper invariant subtree. Let A be some vertex stabiliser of in T and assume that there is a finite 
index subgroup Aq < A such that Mr(A q)/Aq contains an element of infinite order. Then C^g|^(r, A) 
is simple. 


Proof. Take A = Fp < F < Aut(T) as in the statement of the corollary. Let G = F and K = A. Then 
the natural bijection between GjK and F/A conjugates G and F/A. So by |Tza03l Theorem 4.2], we 
have C*gj(F,A) 
condition (*). 


PkC*^^{G)pk- In view of Theorem 6.2 it hence suffices to show that G satisfies 


Since F acts on T without any proper minimal subtree, also G does so. So Proposition 2.5 shows 
that G ^ dT is minimal. Since T is thick, dT is a Cantor space. So G does not fix a point 
in V(T) u E(T) u dT. Now Proposition 3.5 implies that G is not amenable. The closure of any 


finite index subgroup of A is open in K. So the closure L of Aq is a compact open subgroup and 
Mg{L)IL - A/'r(Ao)/Ao contains an element of infinite order. We verified condition (*), finishing 
the proof of the corollary. □ 


Corollary 6.4. Let T be a thick tree and G < Aut(T) be a closed subgroup acting minimally on 
dT. Assume that there is x € dT such that 


• Kx is finite for some compact open subgroup K <G, and 

• there is some hyperbolic element in Gq n Gx. 

Then G is not a type I group. 

Proof. Take G < Aut(r) as in the statement of the corollary and assume that G. Then by Proposi¬ 
tion 3.1 G satisfies property (*) and hence also Gq satisfies (*). Assuming that G is a type I group. 


also its open subgroup Gq is a type I group. So we may assume in addition that G is unimodular. 


By Theorem 6.2 G is C*-simple. Since it is also a type I group, A is unitarily equivalent to a multiple 
of an irreducible representation. In particular, L(G) = B{H) for some Hilbert space H. Since G 
is unimodular, the Plancherel weight ip on L(G) agrees with the unique tracial weight on B{P[). 
So if AT < G denotes some compact open subgroup of G, the fact that p>{pk) < implies that p/. 
is a finite projection in B{H). This shows that pkL{G)pk is isomorphic to a finite type I factor, 
i.e. pkL{G)pk = M„(C) for some n e IL. Take some hyperbolic element g e Gx- Then by PkUgPK 
satisfies {pRUg^PKf, rj) ^ 0 for all r/ e prI?{G). This means that pxUg^px converges to 0 we akly. 
However, PkUgnPKUgr^pK ^ [AT: Kng"^Kg~'^^~‘^pK, which is bounded from below by Proposition 
So PRUgPK does not converge strongly to 0, contradicting the isomorphism prL(G)pk = M„ 
This finishes the proof of the corollary. □ 


3.2 

m 


7 KMS-weights and von Neumann factors 

In this section we apply Powers group methods to prove uniqueness of certain natural KMS-weights 
on the reduced group C*-algebra of certain groups G satisfying condition (*). This uniqueness allows 
us to conclude factoriality of the associated group von Neumann algebra L(G) and to determine its 
type. 
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Theorem 7.1. Let G be a group satisfying condition (*) and assume that some compact open sub¬ 
group of G is topologically finitely generated. Let (p be a KMS-weight for the natural one-parameter 
group (o't)t on C^^^(G). Assume that (p{pk) < °° for all compact open subgroups K < G. Then (p is 
a Plancherel weight on C^g^(G). 


Proof. Let ip he a. KMS-weight as described in the statement of the theorem. By Lemma 2.23 it 
suffices to show that there is a left Haar measure p on G such that for all compact open subgroups 
K < G and for all 5 e G we have 


PiUgPK) = 


I KK) 

lo 


,otherwise. 


Claim, K < G is a compact open subgroup and g € G \ K, then (p^UgPx) = 0. 

Using Proposition 2.14| it suffices to show the claim for a neighbourhood base of e consisting of 
compact open subgroups K < G. So hx a neighbourhood e € N c G. By Proposition 4.5 we hnd a 


compact open subgroup K < G that is contained in N such that G has the Powers property with 
respect to K and gK for all g € G \ K. Proposition 4.3 says that there is r e INJ such that for every 
e > 0 there are elements gi,... gn ^ Gq such that 

1 

-ZVgPKu;j\<^ 


n 


2=1 


and [iP : K n giKg- ^] < r for all i e {1,... ,n}. Using a GNS-construction associated with ip, this 
gives rise to the following estimate for any averaging projection pi with L < G compact open. 

PiPL-Y.'^ai'^gPKUg^PL) = {-'Z'^9^UgPKU*g^PL,PL)g, < II “ E II 111,./, ^ ^PiPL^ ■ 

^ i=l i=l ^ i=l 


Since K is topologically hnitely generated by Proposition 2.2 Lemma 2.1 says that there are only 
hnitely many subgroups in K that have index bounded by r. The intersection L of all closed 
subgroups of K which have index bounded by r satishes gf^Lgi < K for all i e {1,..., re}. Lemma 
implies that PKU*g.pL = PKU*g. for all i € {1,..., re}. Using the KMS-condition with Proposition 
and A(gi) = 1 for all i e { 1 ,..., re} we see that 


2.15 


2.24 


etpipif > ip{pL-^Ug^UgPKUg.pL) 
^ i=l 


= T{-'ZUg,UgPKU*gJ 


= -'ZT{UgPKU*g^(^-i{UgJ) 

^ i=l 

1 ” 

= - E ^{9i)T{UgPKUgmg^) 

i=l 

= (p(UgPK) ■ 

Since e > 0 is arbitrary and the choice of L is independent of e, we see that pi{ugPK) = 0. This 
proves the claim. 
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Fix a compact open subgroup L < G and let fj, be the left Haar measure of G satisfying 

If -fC < G is an arbitrary compact open subgroup, we can apply Proposition 2.14| and the claim to 

obtain 


1 

/i(L) 


V’Cpl) 

1 


[L: 

KnL] 


1 

[L: 

KnL] 


1 

[L: 

KnL] 

[K 

: KnL] 

[L 

: KnL] 


E 

g{KnL)iL/KnL 

PiPKnl) 

E 

g{KnL)£KIKnL 

■p{pk) ■ 


PiUgPKnl) 


p{UgPKnL) 


We infer that ^p{pk) = fiiiishing the proof of the proposition. 


□ 


Since a Plancherel weight on L(G) restricts to the corresponding Plancherel weight on C*g(j(G), the 
previous theorem allows us to conclude factoriality of L(G). We are also able to compute its type. 

Theorem 7.2. Let G be a group satisfying condition (*). Further assume that some compact open 
subgroup of G is topologically finitely generated. Then L(G) is a factor and S(L(G)) = A(G). 


• If G is discrete, then L(G) is a type IIi factor. 

• If G is unimodular but not discrete, then L(G) is a type IIoo factor. 

• If A{G) = for some A e (0,1), then L(G) is a type IIIa factor. 

• If A(G) is not singly generated, then L(G) is a type IIIi factor. 


Proof. Let (p he & Plancherel weight on L(G). We first show that L(G) is a factor. Assume that 
this is not the case. Then there is a central projection z e L(G) \ {0,1}. Since z is central, := p{z-) 
is a weight with the same modular automorphism group as p. Hence restricts to a KMS-weight 
on C*gj(G). By Theorem |7. l| there is a scalar ce IR>o such that 'f’lc* ^(g) - ' V^lc* ^(G)' Since p is 

faithful, we have '0(1 - z) t U, which contradicts the definition of 0. We have shown that L(G) is a 
factor. 


We next show that L(Go) is a factor. Let K <Ghe a compact open subgroup such that Mg{K)IK 
contains a element of infinite order. Since K is compact and open, Mg{K) < Go- So Go satisfies 
condition (*) and the first part of the proof implies that L(Go) is a factor. We may hence apply 


Theorem 


2.27 


implying that S(L(G)) = A(G). 


According to Section 2.4.1 it only remains to determine the type of L(G) in case G is unimodular. 
If G is discrete, then L(G) is a type IIi factor. If G is unimodular but not discrete, then L(G) is a 
factor with a faithful properly infinite trace. Hence L(G) is of type loo or type IIoo. Let K <Ghe 
a compact open subgroup. We show that the finite factor pKh{G)pK is not of type 1. Then it is of 
type III and hence L(G) is of type II 
g e G such that [AT: K n g^Kg 
all ^,r/ e L^(G) we have 


By Propositions |3.2| and 3.4 there is a hyperbolic element 
is bounded for n e Z. Since g is hyperbolic, g'^ oo in G. So for 


{PKufPKi^p) = {UqPKf,,PKV) 0 . 
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So Pru^Pk 0 weakly. At the same time, Lemma 5.1 says that PRUg^pKUgPR > 
[K : K n g^Kg~^]~^pR is bounded from below and cannot converge to 0. Put differently, the se¬ 
quence {pKU^PK)n does not converge to 0 in the strong topology. Since on hnite type I factors the 


strong and the weak topology coincide, we conclude that pkIj{G)pk must be of type IIi. 


□ 


8 Non-amenability 


The following theorem gives a non-amenability criterion for a group von Neumann algebra of a 
locally compact group. It is based on the fact that L(G) is amenable if and only if G is amenable, 
as long as G is supposed to be discrete. 

Proposition 8.1. Let G be a loeally eompaet group eontaining some compact open subgroup K < G 
such that MciK) is not amenable. Then L(G) is not amenable. 

Proof. Take K < G as in the statement of the proposition. Put H := Mg{K)- Since H < G is open, 
there is a normal conditional expectation L(G) So it suffices to prove that L(iL) is non- 

amenable. Since K < H, we have pKh(H)pR = which is a non-amenable von Neumann 

algebra. It follows that also L(H) is non-amenable, which hnishes the proof. □ 

We can apply our non-amenability criterion to groups acting on trees. 

Theorem 8.2. Let G be a group satisfying condition (*) and assume that some compact open 
subgroup of G is topologically finitely generated. Then L(G) is not amenable. 


Proof. We show that there is a compact open subgroup L < G and transverse hyperbolic elements 
g,h e Mg{L). Fix K < G a compact open subgroup. By Lemma 4.4 there are pairwise transverse 
hyperbolic elements {gi)i>i and r e IKI such that [K : K n g\Kgf^^ < r for all i > 1 and I e Z. For 
hxed i the subgroup Ki := < K is normalised by gi. Proposition 2.2 implies that K is 

topologically hnitely generated. So by Lemma 2.1 there are only hnitely many closed subgroups of 
index less or equal to r in K. Hence Ki is an intersection of hnitely many open subgroups of K. It 
is hence open in K and [iL : Ki\ is bounded by a constant only depending on r and K. We hence 
hnd different indices i,j > 1 such that Ki = Kj. Put L := Ki, g '.= gi and h ■= gj. 

Since g,h are transverse hyperbolic elements the ping-pong lemma implies that {g^,h^) = ¥2 for 
some n e INJ. Moreover, we may assume that each element of {g'^,hT) is hyperbolic. This implies 
that {g"‘,h^) n K = {e}. So H ■= {g,h,L) is an open non-amenable subgroup of G and K < H is 
normal. We can hence apply Proposition 8.1 This hnishes the proof. □ 


9 Schlichting completions of Baumslag-Solitar groups 

In this section we show that Schlichting completions G(m,n) of non-amenable Baumslag-Solitar 
groups satisfy condition (*). They are hence the hrst examples of non-discrete C*-simple groups. 
We further calculate the type of the factors L(G(m,n)). In unpublished work with G.Giobotaru, 
we obtained factoriality of L(G(m, n)) and could calculate its type by different methods. 

It is possible to give a criterion for graphs of groups with hnite index inclusions of edge groups into 
vertex group, so as to make sure that the Schlichting completion of its fundamental group satishes 


29 







condition (*). This method gives rise to fnrther examples to which onr main resnlt Theorem 6.2 
applies. 

Let 2 < \m\ < n be natnral nnmbers. Then the Banmslag-Solitar gronp 

BS(m, n) ■= {a, t \ = oT") 

contains the commensnrated snbgronp (a). Denote by 

G(m,n) = BS(m,n) jj {a) > K(m,n) = (a) 


the Schlichting completion of the pair BS(m,n) > (a). Recall that G(m,n) < Sym(BS(m,n)/(a)) 
is a closed snbgronp. By Bass-Serre theory, BS(m, n)/(a) has the strnctnre of a m + n-regnlar tree 
T, were gt{a) and g{a) are connected by an edge for all g e BS(m,n). It follows that G(m, n) < 
Aut(T) < Sym(BS(m,n)/(a)). 

The next lemma describes the image of the modnlar fnnction of G(m,n). 


Lemma 9.1. Let m,n€Z^. 


Then the image of the modular funetion of G{m,n) is 



Proof. If |m| = \n\, then G(m, n) is discrete and hence it is nnimodnlar. We may hence assnme that 
1 < \m\ < n. Then BS(m,re) c G{m,n) is a dense snbgronp. Since c IR>o is discrete it snfhces 

to show that A(BS(m,n)) = (^)^- Since a e A/G(m,n)(K(m, n)), it follows that A(a) = 1. Fnrther 
t~^{a^)t = (a”*) showing that A(t) = |^|. Since BS(m,n) is generated by a,t, this hnishes the proof 
of the lemma. □ 

Theorem 9.2. Let 2 < \m\ < n and consider the relative profinite completion G{m,n) of the 
Baumslag-Solitar group BS(m, n). Then the following statements are true. 


• L(G(m, n)) is a non-amenable factor. 

• If\m\ = n, then G(m,n) is discrete and L(G(m,n)) is of type IR. 

• If\m\ n, then L(G(m,n)) is of type III|m|. 

• (R!'g^(G(m, n)) is simple. 


Proof. First note that G(m,n) = J./nJ. * Z if \m\ - n. So in this case G(m, n) is icc and non- 
amenable, showing that L(G(m,n)) is a non-amenable type IR factor. Moreover, G(m,n) is a 
Powers gronp in the sense of de la Harpe |dlH85j . So G*g^{G{m,n)) is simple. 

In case \m\ ^ n we have BS(m,n) < G{m,n). Note that G(m,n) acts transitively on T, so that 
G(m,n) ^ dT is minimal by Proposition 2.5 The element atat~^ e G(m, n)o is hyperbolic and 


normalises the closnre of (a""), which is open in K(m,n). So Proposition 3.2 shows that the hxed 
points of atat~^ have an open stabiliser in G. This verihes condition (*) for G{m,n). Since K(m, n) 


is topologically singly generated. Theorems 7.2, 6.2 and 8.2 apply. 


Since A(G(m,n)) = IaI by Lemma 


for A = By Theorem 8.2 L(G(m,n)) is not amenable. Theorem 6 .2 [ implies that C*g^(G(m, n)) 
is simple. 


9.1 


Theorem 


7.2 


shows that L(G(m,n)) is a type HR factor 


□ 
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